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1. Introduction

In this paper we will investigate the interacting generalization of the free tensor multiplet
theory in six dimensions. These theories have (2,0) supersymmetry and are called (2,0)
theories. Since there is a two-form gauge potential in the Abelian tensor multiplet, one
might think that the interacting generalization would involve some kind of ‘non-Abelian
two-form’. During the years many people have contributed to the construction of a non-
Abelian two-form, which in addition requires the introduction of a one-form and a certain
flatness condition (see [ and [§ and references therein). Non-Abelian surfaces holonomies
can be defined using this formalism. But as far as I know, no ‘non-Abelian’ action that
reduces to the Yang-Mills action upon compactification on a circle, has been possible to
construct in this formalism. Another suggestion has been that the non-Abelian two-form
should carry three gauge indices rather than the usual two. This has also been successfully
used to construct non-Abelian surface holonomies [J]. But again the action for such two-
forms became just a copy of Abelian actions, which we think is highly dissatisfactory if



it were to describe (2,0) theory. We therefore think that there are now good reasons to
doubt that one would be able to use any kind of local non-Abelian two-form as dynamical
variable of (2,0) theory.

Our approach to (2,0) theory is inspired by the fact that an Abelian gerbe on a
manifold M is equivalent with a line bundle over loop space LM . Loop space is defined as
the space of mappings S' — M. A derivation of this fact, which uses Cech cohomology, can
be found in [Jf. Gerbes arise whenever one has a higher rank gauge field. In the Abelian
tensor multiplet we have an anti self-dual two-form gauge field B, anti self-dual in the sense
that its field strength H = dB is anti self-dual, H = — x H. Though when quantizing this
theory, one should include the self-dual part of H as well. This will not be part of the
tensor multiplet and it does not couple to anything else. One then carries out holomorphic
factorization to obtain correlation functions in one of the chiral theories [[Id, [L1]).

The connection two-form can be viewed as a connection one-form on the line bundle
over LM. The one-form has been given as

Aus(C) = B (C(5))C" (5) (1.1)

in [4, §. Here p is a space-time vector index, whereas the entity (us) is a loop space
vector index. C denotes a point in loop space and is represented as a parametrized loop
s +— CM(s) in space-time, with tangent vector C¥(s).

We will not assume that Eq ([L.I]) holds in this paper. Instead we will take A,(C)
to be the fundamental field, which in general depends on the entire loop C' in a non-local
way. We will promote A,,(C) to a dynamical variable. For one thing, there seems to be no
other way in which we could get the equations of motions that we want (and which were
derived in [f] from (2,0) supersymmetry alone) from an action in loop space, but to let
A,5(C) be a dynamical variable that we vary in order to derive the equations of motion.
We will use the name ‘loop field’ for such a field that lives on loop space.

If anything we do in loop space is supposed to have any application in physics (which
of course is what we hope!), then the most basic requirement ought to be that we can
recover the theory for the usual local Abelian two-form gauge field. In section [] we will
construct a two-form by, (x) out of A,(C) and argue that this two-form is a gauge field
with the expected dynamical quantum behavior, though our argument is far from being
complete. In particular we will not address any global issues, such as how this gauge field
should transform between two overlapping patches of the loop space manifold.

We will take the point of view that the loops are the fundamental objects in the theory
which are created and annihilated by the quantum loop fields. It is tempting to interpret
the loops as tensionless selfdual strings. However we will not make any attempt to study
their dynamics in this paper. This should be a difficult problem since the loops (strings) are
strongly coupled. Due to self-duality and a Dirac type of charge quantization condition for
self-dual strings in six dimensions, the coupling constant in (2, 0) theory is a fixed number of
order unity [l which can never be made small. This means that these interacting quantum
theories can not be analysed perturbatively by starting with some classical action. But
even so, a classical action can be used to derive classical solitonic solutions, and, perhaps,
also to study the quantum theory for the fluctuations around such classical solutions by



expanding the quantum loop fields about such a classical field configuration and only treat
the fluctuations quantum mechanically.

In section J] we introduce the notion of general covariance in loop space. Since our
loop space consists of parametrized loops, reparametrization invariance is nothing but a
special case of general covariance in loop space. In section f| we introduce our loop space
notations and present the classical action for the ‘non-Abelian tensor multiplet’ in loop
space. In section fl we compute the anti-commutator of two supercharges, and obtain the
central charges that correspond to a self-dual string and a three brane respectively. We
then obtain the Bogomolnyi equation for strings. In section [| we use the Hopf map to
project the Bogomolnyi equation to the familiar Bogomolnyi equation of super Yang-Mills
theory. In section f] we use this result to find explicit BPS string solitons. In section [
we scetch how one might be able to recover the Abelian theory for a local two-form gauge
field from the loop space theory for our non-local Abelian loop field A,:(C).

2. Reparametrization invariance from general covariance

A motivation for Eq ([.]) comes from identifying the Wilson surface!

/ dt / dsB,, (X (t,s) X" (t, ) X" (t, s) (2.1)

with the Wilson loop

/th“s(C(t))C."‘S(t) (2.2)
in loop space, where we define
CH(t) = XH(s,t). (2.3)

and we use the Einstein summation convention V,,UH® = Zu f dsV,,sUH.

Both these observables should be diffeomorphism invariant (modulo 27). The condition
for the former to be invariant is that B, transforms as a tensor of rank two. The condition
for the latter to be invariant should be that A, transforms as a vector or, in other words,
as one-form, in loop space — whatever that means.

We will formulate our theory in loop space. To this end we drop everything that
separates out space-time as anything particular. So we drop the constraint ([[.]) on our
one-form and will not assume that A,(C) has been constructed out of a local two-form.
But we will assume that A, transforms as a vector. To make this statement precise, we
introduce the notation

0

Ous = m (2.4)

for the usual functional derivative. We then define a vector in loop space to be a quantity
that transforms as

5A;Ls = (a,useyt)Al/t + eytautA;Ls (25)

'Here (t,s) — X"(t,s) is the embedding map of the surface, - = d/dt and ' = d/ds



under the infinitesimal diffeomorphism
0CH(C) = —e*(O). (2.6)
Among these diffeomorphism we find those induced by space-time diffeomorphisms as
(C) = e (C(s)) (2.7)
and those induced by reparametrizations as
#(C) = e(s)C¥(s) (2.8)

One reason for wanting to abandon Eq ([L.I]) where A, is defined in terms of a two-
form, is that this A,, does not quite transform as a vector (in the sense of Eq (2.3))
under diffeomorphisms in loop space,? not even under diffeomorphisms induced by space-
time diffeormorphisms, €*(C(s)). We can consider much more general diffeomorphisms
in loop space though. For instance ¢#*(C) = e*(s0sC(s)) or whatever. We would like to
contruct a theory that is covariant under any such a general diffeormorphism in loop space.
That would give us reparametrization invariance (and of course space-time diffeomorphism
invariance) for free.

If we insert that ”” = —e(r)CP(r) in Eq (B-5), we can derive that A, transforms as a

one-form under reparametrizations,?

Ay, = — / dr (e(r)C’p(r)BPTAMS . 8M8(6(T)C'p(r))Apr)
_ / dr (e(r), Ay — elr)S(r — ), )
= (0s€(5))Aps + €(5)0s Ay (2.9)

One should be confused about this derivation since 9,4, is expected to be very singular
at s = t. But 0s4,; on the other hand should not be singular anywhere since here 0
denotes the usual derivative with respect to the parameter s and we expect A,s to be a
smooth function of s. So 954, should vanish almost everywhere (except when s = t where
we expect to get a finite value.) So apparently when we contract C’“(S) with 0,54, we
must kill the singular behaviour at s = ¢ (which means that C*(s) must be orthogonal to
those divergencent directions. This one may check explicitly for the case that A, is given
as in Eq (T0): [ dsC*(s)0,s At = C*(s)CP(s) (0,Byp — 0yBuy) = 0).

We define a contra-variant vector as a vector that transforms according to
SVHS = €70, VI — (0 )V, (2.10)

We can now build a scalar by contracting a co-variant vector with a contra-variant as
U,sV*#°. Since the index s is supposed to be contracted this means that this quantity in
particular should be reparametrization invariant (and not only covariant). But if we just

2Tt transforms as §A,s = €”(C(8))dpApus + (8ue?(C(5))) Aps.
3Notice that §s = —e < §C*(s) = €(s)C*(s) which explains the relative minus sign.



plug in €”” = —¢(r)C?(r) in Eq (B.10) we get, after a similar computation as we did for the
co-variant vector, that

SVHS = ¢(5)0, Ve (2.11)

(Here we do not sum over s). But this is not the transformation rule that one would expect
of a contra-variant vector under reparametrizations! The thing is that we also have to take
into account the transformation property of ds. In order for U,,V#* = i dsU,sV#° to be
invariant, U,;V#® should not be a scalar but a co-vector. Or in other words, V#¢ should
be a scalar (and not a co-vector) if U, is a co-vector. And this is indeed precisely what

we found in Eq (R.11)).

It is natural to associate one differential ds with each rised vector index. Hence we
will let V#® = dsV#*. Anyhow we need one ds in order to perform the contraction of the
s-indices. Then all tensors will transform as one would expect from the position of their
indices. For instance U's” will transform as

5Uss/3// _ (E(S)as + 6(8,)85/ + 6(5”)85//) Ussls//
— (9s5¢(s) + Dyre(s') + Dgne(s")) U (2.12)

and so on.
To be able to construct a generally covariant theory we should have a metric tensor
G st in loop space, that tranforms as a tensor of rank two,

5G,u8,1/t = (@LSEPT)Gpr,ut + (8,,156’”)6*“5,,,,« + ep"(?prG%,,t. (213)
Restriciting to reparametrizations, s = —e(s)C*(s), we get

6G,us,ut = E(S)asGus,ut + e(t)atG,us,ut
+(as€(5))G,us,ut + (8t€(t))Gus,ut (2.14)

We will choose the metric to be of the form
Guswt = guw(C(s))d(s — 1) (2.15)

Unfortunatley it is not manifest that this metric transforms in a covariant way under
reparametrizations. From Eq (R.14) we find that it should transform as

0Guout = (00e()) Gs- (2.16)
This would have been so if §(s — t) had transformed as a scalar

3(6(s —t)) = (e(s)0s + €(t)0r)0(s — ). (2.17)
but this is not how the delta function really transforms. It does not transform at all,

5(5(s — 1)) =0 (2.18)



But it is not hard to find a quantity d(s’,¢") with the desired transformation property and
which is such that d(s,t) = 6(s — t). One may take
ds
d(s',t') = @6(5 —t). (2.19)

The manifestly covariant metric is then G5t = g (C(s))d(s, t).

We will use A,5(C) to denote also a non-Abelian gauge loop field. We take the point
of view that a Wilson surface is nothing but a Wilson line in loop space. Hence we define
the Wilson surface just as one defines a Wilson line,

W(T) =trP exp/ dCH A (2.20)
r

where I' denotes a line in loop space, and P denotes path ordering along this line.

In the Introduction we said that the coupling constant in (2, 0) theory is a fixed number.
We will now argue that we have infinitely many coupling constants ¢°, one for each value
of s, and which constitute a contra-variant vector with respect to reparametrizations of s.
We can then bring all these coupling constants into any fixed value by a reparametrization.
Taking global issues into account, we expect that it will turn out to be so that one can bring
them all into one and only one fixed number, which is equal to the (invariant) coupling
constant of (2,0) theory. In the generic situation we define the Wilson surface as

Cre(t)

w(T) :trPexp/dt/dsgsdi

2 A, (C (1) (2.21)

and we will now examine the conditions of reparametrization invariance. This will essen-
tially be a repetition of what we said in [, but since the introduction of the coupling
constants g° is new, let us repeat the arguments in all its details.

Given a surface 3 embedded in space-time, there are many different lines I' we could
consider. If we refer to the parameters s = (t,s) of the surface as time and space coor-
dinates, then different I'’s correspond to different ways of choosing constant time slicings
of the surface. On a generic surface there is no distinguished time slicing that can be used
to define the Wilson surface. So in order to get a well-defined Wilson surface we have to
ensure that we get the same value irrespectively of which constant time slicing we use.

We thus associate ¢ with time, and the loop associated with a constant time ¢ we
denote as

CA(s) = XA(t,s) = s (2.22)

(This is the loop C expressed in the parameter space of the surface.) We are then interested
in deforming such loops. We should not really assume that the C7}(s) are straight lines
to start with as this is a rather degenerate situation. So we assume that we have already
made an arbitrary reparametrization (¢,s) — (¢, s’). Another way to express this is to say
that the loops Cf!(s) need not be of the straight lines C{}(s) = (t,s). We then make an
infinitesimal variation of such loops and require the Wilson surface to be invariant under
such a variation.



We let
Aps = 04 XH(t,5)Aps (2.23)

be the pullback of the one-form connection to the surface. If we then associate

dCAs(t
with the Hamiltonian, then W will be the generator of time translation and we can apply
the formalism of generalised Hamiltonian dynamics [H]

Given a loop, there is a distinguished set of tangent vectors to the surface along this
loop, namely 9,C*(s) and n“(s) where n‘(s) is the unit normal vector to the loop,

gap(C(s))n™(s)n”(s) =
9aB(C(s))n" (s)0,C"(s)

1,
0 (2.25)

and gap denotes the induced metric on the surface. Generically the Hamiltonian is written
as

A
H(t) = / ds acét(s)H s (2.26)

One then projects on the normal 1 and tangential s directions as
HA = nH, + (0°CHYH, (2.27)
where the induced metric on the loop,
v(s) = 8;C4(5)8sCa(s) (2.28)
is used to rise the index s as
9°C =y to,C (2.29)

The result in [f] is that the time evolution operator is independent of the choice of fibration
C!(s) if and only if these Hamiltonian components obey certain commutation relatations
(or Poisson bracket relations in a classical Hamilton theory).

For our application of the Wilson surface, we find that

H = g°n(s)Aus
He = g°(0,C) A s (2.30)

We now have to ensure that the equations for reparametrization invariance are satisfied.
These equations imply complicated conditions for the commutator [A s, Ap], unless we
impose

Hy ~ (0,CN A =0 (2.31)



as a strong constraint, that has to vanish also inside commutators (or Poisson brackets).
Then the conditions for reparametrization invariance become very simple, namely just

[Hi(s),Hi(t)] =0. (2.32)
We can satisfy this constraint by letting
Ay = A22u(5) (2:33)
where
[Aa(s), Ao(t)] = Cap®(5)d(s — 1) Ac(s) (2.34)

and the Cg,¢(s) are structure constants of a Lie group Gs. The gauge group is the infinite
tensor product

) G (2.35)

Now since a reparametrization in s moves the different Gy’s around, reparametrization
invariance forces us to take all the G to be different copies of one and the same group (for
instance each G5 = SU(N)). But we still have the possibility to have different coupling
constants ¢g° in each G factor. If we let Cg,°(s) be the same for each s then we have to put
the coupling constants in the Wilson surface and in the definition of the fields strength.
The generators A?(s) will then transform as co-variant vectors, which makes integrals like
[ dsg® A% Na(s) or [ dsg®dCH® A% N, (s) well-defined (i.e. invariant under reparametrizations
of s). The gauge field strength should then be defined as

F,us,ut = a,usAut - a1/1514,us + gs [A;LSa Aut]- (236)

(with no sum over s).
We can also put the coupling constants in the structure constants by defining new
generators as

g*\%(s) = N(s) (2.37)
which then will transform as scalars, and will obey the algebra
[Aa(8), Ap(t)] = Cup9°d(s — t) Ac(s). (2.38)

We then let g° A A (s) = A N (s) = A, and the Wilson surface and gauge field strength
become

dCHs (1)

w(T) = trPeXp/dt/ds Aus(C(1)),
Fus,ut = 8usAut - autAus + [Au& Aut]- (239)

On the gauge field A, we still have to impose the constraints

CH(s)A,5(C) = 0. (2.40)



One could use Lagrange multiplicators in the action to implement these constraints. That
action will be singular and hence generate secondary constraints and one finds a reduced
phase space on which one should use the Dirac brackets. But we have not performed this

analyzis in detail.

Let us notice that the constraints are metric independent. The tangent vector C*(s) is
born with its vector index up-stairs while A, is born with its co-vector index down-stairs,
so these objects can be contracted without using the metric. The two constraints found
above are gauge invariant at least under local gauge transformations. Under such a gauge

transformation

4,e(0) = S + [4,u(C), AC) (2.41)
the second constraint transforms by
e(s) é,fi)) IO (9)40(0). M) = D) (2.42)

Thus if we require the gauge parameter A(C') be subject to the condition that d\/ds = 0,
then the second constraint is gauge invariant. The constraint AWC’“(S) = 0 for any fixed s
is of course not reparametrization invariant. Making an infinitesimal reparametrization we
generate the constraint 3S(AM5C’“(3)) = 0, and we may repeat this procedure to produce
constraints (95)"(A,sC*(s)) = 0 for any number n of derivatives. This means that we
must take A,sC*(s) = 0 for all s, and this infinite set of constraints are closed under

reparametrizations.

3. The (2,0) supersymmetric action in loop space

We will assume a flat Minkowski space M = R, with metric tensor Ny
diag(—1,1,1,1,1,1). As coordinates C** in loop space LM we take the set of mappings
s+ CH(s) = C* where C*(s) = C*(s + 27), and we will take s € [0, 27]. We will assume
that our loop space comes equipped with the metric

Guspt = Nuw2mé(s — ). (3.1)

We will also assume that we have brought all the coupling constants ¢g° = 1 by a reparame-

trization (and hence we loose manifest reparametrization invariance).

Following [H], we introduce the ‘non-Abelian tensor multiplet fields’ ¢,5(C), A,s(C)



and 1,,(C). These are loop fields that has to be subject to the following constraints

Dﬂs(ﬁ“s =0
D“Szpus =0
AusCH(s) = 0
pireCl(s) = 0
oleC(s) = 0
Fpsbrts = 0
Diusbyjs = 0
Fps,ut¢A’yt =0
Flst” = 0 (3.2)

in order for supersymmetry to close on-shell [f]. Here

Dy = Ous + Aps (3.3)

is the gauge covariant derivative with 9,,, = 60%(8) being the usual functional derivative,

which we for later convenience will normalize with a factor of 27 as

JEL
27 0C¥ (s)

0C"(s) =6f(C). (3.4)
The gauge field strength is given by
Flsuvt = OusAvt — OutAps + [Aps, Avi] (3.5)
We can also define the spinor loop field
Ys =T gpH. (3.6)

for which we find that 13 = —&pSI’p and that this spinor is subject to the symplectic Ma-
jorana condition v = 1! C where C' is the eleven-dimensional charge conjugation matrix.
We use the same spinor conventions and notations as in [f].

We will represent all the loop fields (collectively denoted as ¢) as

Pus = PsA"(5) (3.7)
where we take the generators A?(s) to obey the loop algebra
[A%(s), \°(1)] = C®276(s — £)A°(s) (3.8)
and normalize them to unity,
fr ()\“(s))\b(t)) = §%275(s — 1). (3.9)

We should assume that 0(s — ¢) transforms as a scalar. The generators A*(s) will then
transform as scalars. ¢, will transform as a vector.

,10,



We will assume that all the loops can be representented in terms of Fourier modes as

CH(s) =at + Z alt ims
m#0

We define the Fourier modes

d .
90% — /ﬁe—zms(pus

al, = /;—;e_imsC“(s)

ds —ims
8/“” = /%e ({“)MS
and find that

0
Oaim

Oum
The metric becomes
G,u,m,un = npufstrn

so that a.b := a;mb"™" = Dom aumb’im. We also define

ds .
g, = / ieﬂms)\“(s)

which obey the algebra
s Al = CNG

The algebra for t* := A§

[ta, tb] — Cabctc

4

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

will be identified with the algebra associated with the gauge group. In terms of these modes

the loop fields get represented as
Pum = Z @Zn)\gm—n
n
We will also need the trace
tr(ALAL) = GupOmtn
We have thus rescaled the generators so that in particular
tr(t2°) = 6%,

which is always possible for simply laced Lie groups.

41f there are some compact dimensions we should of course also include winding modes.

— 11 —

(3.17)

(3.18)

(3.19)



We define an average over loops as

()= /DmceLQA(f) (3.20)

Here the functional integral is over all closed loops centered at the space-time point x, A
is a cut-off, and we define a length

L(C) = ;l—;c'ﬂ(s)c’ﬂ(s) = mlaumat™ (3.21)

In terms of modes we get

(.. ‘>a;A = / H d6am 6*1%2 >on an.a_nm. (3.22)

m##0

It is an obvious advantage to work with the Fourier modes ok, in place of C*(s). While
the C*(s) are indexed by s which takes values in the uncountable set of real numbers and
are also constrained by periodicity, the Fourier modes are labeled by n which takes values
in the countable set of integer numbers and are subject to no periodicity constraint.

We now consider the following supersymmetric action

§ = lim Ny / dSz (L), (3.23)

1 1 1
£ = 15 L Fomam PP 4 S DG D [0 6P

{ ds ins (,7m /T
oS [ (0D, T

+%T,Z_)mDéln¢um))> (3.24)

The normalization constant Ny of course depends on the precise way in which we implement
the cut-off. Using the above cut-off prescription we will find that

Ny = A2L<1>' (3.25)

We notice that we can not do integrations by parts and throw away boundary terms (which
will be of O(A™2)), unless we take the limit A — oo and also assume that the fields drop
to zero at infinity sufficiently fast. But this is the opposite limit to that which was taken
in [f].

The supersymmetry variations are given by
Sty = —iel

1 1
Stom = 32 (5 Fmn D" + Dy Tit 5[ O] Tt

n

1 A A
—5 Dl T )€

5Fum,un = Qigrm[uDu]nwzm (326)

- 12 —



These supersymmetry variations close on-shell [f]] in the sense that
[0c, 6] = 2010 Y " €™M0 (3.27)
n
The associated supercurrents are given by
. 1 KT A TK 1 A B KT n
Jum = iNp —§F,m77mF + Dyn@r, L al™ — §[¢m, O™ Tap | T, (3.28)

To show this it one has to use the constraints in the form

Fum,unq/}'um =0
Plulm|¥p] = 0 (3.29)

To show that the action is supersymmetric one must use the Bianchi identity
DymFvn,pp + DunFpp,um + DopFrmn =0 (3.30)

and make some integration by parts. One also has to use the above constraints. In the
variation of the action we also find terms that involve three fermions. All these can be seen
to vanish identitically by a Fierz rearrangement if one also uses the constraints of the form

TZJ[“FVW?--T/}V} = 0.
The supercurrent is conserved in the sense that 0*.J,, = 0. The conserved (time-
independent) supercharges are given by

Q:= /d% (Joo) (3.31)

They are time-independent because
°Q = / d’x (% Joo) = / &z (0" Jym) = 0 (3.32)

Here one uses that derivatives with respect to oscillators (m # 0) are total derivatives over
which we integrate when we take the average. Hence the result is O(A~1), which is 0 in
the limit A — oc.

4. Central charges for extended objects

We define time in loop space as

z° :/g—;CO(s) (4.1)

We then find the canonical momenta,

Eim;a — NAFOO,im;a
Trzqm = Na (Dogbim)a

70 = NA%J;,‘},LPO (4.2)

,13,



conjugate to Af,, ¢, ¥y, respectively, and satisfying the equal time canonical commuta-

zm’
tion relations

(A (,0), B, B)] = 65,887 2 — ) [ 8%

n#0
[¢a7lm(~ra O‘)’ﬂ-;?n(yaﬁ)] - 5ab6m+n5265 x - H 66
n#0
{ (@, ), 0% (y, B)} = TNy 60106° (w —y) [ 8°( (4.3)

n#0

The ‘missing’ factor of 2 in the fermionic anti-commutatation relation is due to the fact
that the spinors obey a symplectic Majorana condition.
Anti-commuting two supercharges, we get5

{Q.Q} =21 (TP, + VT 4 Z;! + T**T agW;, 1) (4.4)

with central charges

N, g
2= 5 [ @l (FungnDpo") ),

N, o
W,f},fng 2A/d5 < (Di¢ DyP) >5zl€zkowp_ (4.5)

The central charge that corresponds to parallel self-dual strings aligned in the 2° direction
is thus given by ZA = 5A55Z where

N g
7 = TA / d* eI (tr(Fip jn D GI)) (4.6)
if we assume that qSZm is the only non-zero scalar loop field. Hence ¢,j,... =1,2,3,4 run

over the transverse directions to the strings. Using the Bianchi identity

DiimEjnkp) = 0 (4.7)
we can rewrite this central charge as
Na
7= [ abac O Fn o) (48)

Here only m = 0 gives a contribution when applying (. ..) as it is otherwise a total derivative
terms that give negligible contributions (of order A=!). Hence

N L
7 = TA / A ze T (O tr(Fi jndl)) (4.9)
This lead us to define
NA
Hijr(w)a i= =~ (tr(Fyo jndfy) ) (4.10)

SWhen we write {Q, Q}, the anti-commutator acts on the operators only.
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since then the central charge can be written in terms of a topological charge as

7 = a/d4xeijkl8kHijk(x)
=a / H (4.11)
RES
if we can identify a with the Higgs scalar vacuum expectation value and [ H with a
magnetic charge. Indeed, in the Higgs vacuum where

Dum¢un =0
DM Fymm = 0

D[umFun,pp} =0, (412)
we get

aitr(FiO,anSZ) = tr((Dl:FiO,jn)QbZ)
0"t (Fro,jn®;') = tr((D' Fro,jn)9;") (4.13)

Here we use the Bianchi identity on the second equation to get
(DiFio,n)¢"™ = —(DFini) 3™ + (DinFri) 9™ (4.14)

Both terms here vanishes identically by a constraint and D,;m, ¢, = 0 in the Higgs vacuum.
Hence we find that

O"Hijr =0 (4.15)
In a similar way one can show that the Biachi identity
OiHjpy =0 (4.16)

holds in the Higgs vacuum.
5. Bogomolnyi equations
The energy is minimized if the Bogomolny equation

Em,jn = ieijlef:mQSil) (51)

is satisfied.® To see this, we rewrite the energy of a static configuration as follows (with
our maths conventions we get a minus sign, but that is just because some i’s are buried in
our fields, so never mind)

1 1
B = -8y [ e (3R + 5 Dindi +--0)

4 2
> _% /d%tr <(Fzm,jn + Eijlefn¢lrz)2>
i%/d‘:’xtr <€ijleim7jnDﬁm¢£z> (5-2)
®A direct consequence of this equation together with Fim jn = —Fjn,im is that Fim jn = —Fjm,in =

Fin,jm and hence we should symmetrize m,n in the right-hand side.
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Here ... involve terms which are > 0 (like terms that involve J5 derivatives). We have
used that <2DﬂmgbynD[“¢”]> = (Dymdun D*¢") + O(A™1) which can be seen by making an
integration by parts and using the constraint D, ¢""™ = 0. We see that the BPS bound
E > |Z| is saturated by field configurations that satisfy the above string Bogomolnyi
equation.

A string in five spatial dimensions can be enclosed by an S$3. Contrary to S? (and all
other even-dimensional spheres), S3 can be fibrated by loops over S? (the Hopf fibration).
It is curious that precisely in this situation we also have a theory with fields that ought
to be evaluated on loops rather than on points. Thinking that this cannot be a mere
coincidence, we are led to investigate what we get when we evaluate the loop fields on the
fibers of the S3 bundle. But this is of course a restriction, and later on we will consider
any kind of loops, which have a Fourier expansion

Ci(s) =2 + Z ol etms (5.3)
m
but for now we will restrict to the subspace of loop space consisting of points
(z',al) = (0,0 4,0 1,0,0,...) (5.4)
where

042;1 = (Oé, —’L'Oé,ﬂ, _Zﬁ)
Oéi_l = (d’idaﬂ_’iﬁ)a (55)

that is, to loops that are big circles on S3. The Hopf map is given by

X +iY = 203
7 = aa— 38 (5.6)

where X! = (X,Y, Z) are real. Indices I,.J, ... will be rised and lowered by 67, not by the
metric that is induced by the Hopf map. We have that

R :=X2+Y2+ 22 = (|o)* + 8P)” (5.7)

so this is a projection from S to S%2. We will denote the fiber over the point X’ by Cx
and it is given by the loop (e®a, e 3).
Associated with the Hopf map we define the fields

Ap(X) = 0ra'™ Ay
Fry(X) = 0ra™9;0™ Fypy im
H(X)imai™ = @™ (5.8)

for m,n = x1. Let us first consider the Abelian case and a static magnetically charged
string (i.e. of Dirac type) in five space-dimensions. The projected gauge field A;(X) will
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then be that of a Dirac monopole in 3 space dimensions. If we assume that the Abelian
field strength produced by a monopole string is given by

2t

Hijp(x) = eijle (5.9)
and associated loop field is defined as
Fis j+(C) == ijk(C(S))Ck(S)27T(S(S —t), (5.10)
then the projected field strength will be given by
XK
F[J(X) == 26[]Kﬁ (511)
This fact follows from a projection identity,”
1 A . , 1
5 Cighl Z doy, N da%agaézq5m+n+p+q = GIJKEdXI AdXTXE (5.12)

m7n7p7q

Here we should really take the pull-back of the left-hand side, that is, make the replacements
dol, = Oral dX!. If we define the Fourier transformed area elements

a;,j = Z imaina;_m (5.13)
m

then we find that only O';jz o is non-zero (this is of course true only when o+l are the
only non-zero components). Hence we can rewrite the projection identity in the follwing

equivalent form,

1 . . . 1
ikl Z da™ A dad o*malin = eUKEdXI AdX7XE (5.14)

m,n
We derive this form of the projection identity by brute force in the appendix [J. We can
also write this in the form

l
n

€ijkl Z do®™ A doﬂ"aﬁla

m,n

1
in = eUKEde ANdXTXE (5.15)

because only m +n = 0 can give a non-zero contribution, and there are only two such
possibilities, either m =1, n = —1 or m = —1, n = 1. Therefore we get the factor of 2 in
front.

It is now natural to examine what implication this projection has for the Bogomolny
equation. Noting that

DE oL = indp ™ d(X) +inal, (08 XDy (X) (5.16)

"On the level of cohomology this result is closely related to the projection formula in @] More generally
this is related to what is called ‘integration along the fiber’. In @] an extensive presentation of the Hopf
map can also be found.
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we find that

n

Frj(X) = €u0ra™d a™indl, (8% X"%) Dro(X) (5.17)
N——
->2R(8Ka§n)

which, if we can make the replacement as indicated in the underbrace, by noting the second
projection identity (acting with the exterior derivative d on both sides of (f.I§) produces
yet another factor of 2 in the left-hand side) becomes

Frj(X) = erye DX ¢(X). (5.18)

This is the familiar Bogomolny equation in Yang-Mills-Higgs theory. We now have to show
that we really can make that replacement. From a;,,o™ = 2R it immediately follows that

im X1 (0™ X! — 2RO a™) =0 (5.19)

but of course what we need is a finer identity than this (with less tensors being contracted).
To verify this identity is highly technical so we have put this derivation in the appendix [J.

6. Solitonic BPS string solutions

We define the projections

(z,0) — X] = %X{ja;'j(c*) (6.1)
where
o (C) = / ﬁe—ipsci(s)cf(s)
27 '
= Zimafna;,m (6.2)

is a Fourier transformed area element, and where the matrices Xl-lj are certain constant
anti-symmetric matrices. They are related to the Hopf map that projects S® to S? in a
way that will be specified in a moment. Here we use a notation where 2 is included as ).
For p # 0 we thus find that XI{ depends linearly (as opposed to quadratically) on z*. Also,
for p = 0 we find that Xé does not depend on z* at all.

Instead of trying to solve (@) in loop space, we will consider a quotient space where
we identify any two loops (z,«) and (2/,’) which get projected to the same coordinates,
XI{ (r,a) = Xz{ (2',a’). On this quotient space we obtain a simpler Bogomolnyi equation
to which one can find solutions by standard means.

As the notation suggests, we will let

(z,a) — X} o= X' (6.3)

be the Hopf map when we restrict (z, «) as in Eq (@) Hence the anti-symmetric matrices
XZ-Ij that we introduced above, sit in the Hopf map as follows,

1 L
X! = 3 > X[ (6.4)
m==+1
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where ¢ = O';j:
X'. But this does not quite fix the matrices XZI] The reason is that the area elements for

o is the usual anti-symmetric area element associated with the fiber over

the fibers are not all independent. From (f.5) we get the following relations,

0_13 0_24

ot = —¢% (6.5)

For a certain reason that will become apparent later, we will choose the representation for
the matrices where we have

X1]3 = XZI4
I I
X14 = —X23 (6-6)
and also
X} =-X (6.7)

With these additional prescriptions, these matrices are now uniquely determined by the
Hopf map.
We now transform our loop fields A;,, and ¢;,, to the coordinates XI{ in quotient space

according to the rules®

Ain(x,0) = 0in X P A, (X)

Gim(w ) = i (—m + g) QirnpBp(X) (6.8)
P
and ask what implications the Bogomolnyi equation
Fimjn = Gijlefm%) (6.9)
has on these new fields. The answer is that the new fields satisfy the simpler Bogomolnyi
equation
Frp,1q = €175 Dy 0g)- (6.10)
provided that
€ijii X + €ijpriXfy = (XX + X)X ) ek (6.11)

This equation is satisfied by the matrices X{j that we have given through
Eqgs (6.1), (p.6), (6-7) as one may check by going though case by case. Another way
to see this is by considering the ‘inverse projection identity’

€ijhincy, O, X = 0; X1 00 X er k. (6.12)

where both sides are to be symmetrized in (m,n). We show in appendix [J that this
equation is satisfied for m,n = +1 by X! being the Hopf map. Had all the o, been

8Here the argument X means (XZ{) where I and p run over all possible values.
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linealy independent, Eq (6.11]) would have followed from this identity. But they are not as
there are relations between them, as given through Eq (p.§). This implies that we should
let the Xilj be subject to the corresponding identifications in Eqs (p.6), (b.7), which then
unambigously determine these matrices.

Solutions to Eq (6.10) are easy to come by. If we define Z = X, + X_,,, and put

Om = (5m+p + 5mfp)¢(Z)
Arm = (Omp + 0m—p)A1(2) (6.13)

for any fixed non-zero’ integer number p, then we find that the Bogomolnyi equation
reduces to

Fi1y(Z) = eryjx DE¢(2) (6.14)

which of course is a well-known equation, which can be solved by the Nahm procedure.
The most famous solution to it is probably the Prasad-Sommerfield solution in the case of
SU(2) gauge group,

9(2) = %H(UIZI)
0(2) = e 2L (1~ K(u]2))) (6.15)

|Z|?
where

H(y) = ycothy — 1
Y

K(y) =

by (6.16)
Hence v = 1/¢?%(00)¢%(00).

We would like to think of F7;(Z) as an element in the first Chern class. Nothing that
we have said so far contradicts this assumption as we have said nothing about how A,
should behave globally.

One of our main ideas in this paper is that usual tensor multiplet fields — the five
scalar fields, a two-form gauge potential (with selfdual field strength), and the fermions —
are useful concepts only for U(1) gauge group. If we for instance break SU(2) gauge group
down to U(1), then it should make sense to speak about these tensor multiplet fields in
an effective theory. It would be very interesting to derive this effective theory from our
loop space theory. Our conjecture is that tensor multiplet fields in a U(1) theory can be
obtained from corresponding loop fields. We can for instance consider averages like

(Fumn(x, a)ogp) = i(1) Azhl(fﬁl’)"’p) () +---
(Dpm (2, @) an) = i (1) A%, ™™ (2) + - - (6.17)

9We could of course also take p = 0, but in this case our solution would not depend on z!, and could
hardly be interpreted as a string solution! This would yield an interesting solution in loop space, but which
would be trivial (constant) in spacetime.
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Here A is the cut-off length of the loops. Apriori the dots could be other kinds of tensor
fields. But these have to vanish identically since supersymmetry excludes any other fields
than those that exist in the Abelian tensor multiplet. We can ensure this by imposing
constraints such as that the loop fields be odd under orientation reversal of the loop.

We would now like to argue that h,%"”’ )(x) and ¢(™™)(z) for some values of m,n,p
(or some linear combination thereof) may be identified as the Abelian fields in the tensor
multiplet.

We first consider a magnetically charged string of Dirac type,

ZK
FIJ(Z) = 6IJKW
1

(which is also be the asymptotic field configuration of a Prasad-Sommerfield string after
that we have made a gauge rotation so that it points in one direction everywhere in internal
space, which defines our U(1) gauge group). We then find that (for some suitable choices

of (m,n,p)),
hiin(@) ~ X.I.XleKx_l
ijk L EITK A4 Ji! X}kl ’1"4
l
A

We have then used that Fj,, j, = 8imXIp(9an‘]qF1p7Jq and the fact that EIJKX{Z-/Xj‘]i,Xg ~
€k because this is the only invariant tensor of SO(4) which is anti-symmetric in ijk. We
have included the factor 1/|z|* for dimensional reasons. In principle it should be possible
to obtain this factor by a straightforward computation of the average, but we have not
managed to do it.

For the scalar field we expect from dimensional analysis, to find the behaviour

Q

[z

dx) =V + (6.20)

for some specific values of V and @) that we have not managed to compute though.
These are now precisely the behaviours one expects to find for the asymptotic Abelian
tensor multiplet fields in the presence of a selfdual string at the origin.

7. How to recover Abelian theory and determine N,

Let us define the quantity

buv () := % ;) ZQTW; <A[Mm(x,oc)aﬁ> (7.1)

Ideally we would like to compute correlation functions for b, or at least the partition
function, on topologically non-trivial manifolds using the covariantized version of the flat
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loop space action

/ de% (B FH™TY (7.2)
(which presumably can be done by using the curved loop space metric Gs.:(C) =
G (C(s))0(s — t)). This seems to be a quite tough exercise though, so here we will
content ourselves with just computing the propagator for b on the topologically trivial flat
space-time R using the action (7.3) and the definition (7.1]) of b (and nothing more). We
will find the same result as if we computed this propagator from the action

1 v,
/ dﬁmﬁh,wph“ P (7.3)

where h = db. Let us compute h. We find that

u(e) = 757 3 155 (Fno (. @)y (74)

n

Here we have used that

((BonAp0)a?y = (Byn (Aupalt)) = O(A™Y) (7.5)

which vanishes (as A — o) because for n # 0 we have a total derivative that we integrate
over when taking the average. Now it is clear that h is gauge invariant because F' is gauge
invariant. But we are still far away from having showed that this A behaves like an Abelian
gauge field strength in all respects.

We define the conjugate momentum of b;;(z) as

M) = oy 2 i (B A (76)
m##0

The introduction of the factor N, is motivated by the fact that the action (7.3) is not
canonically normalized. The conjugate momentum E*™ computed from that action is Ny
times the momentum one would get from a canonically normalized action (that is, the
action ([.4) without the factor Ny). Therefore we have divided E*™ by N and might
then hope that e will turn out to be the conjugate momentum to b;; for the canonically
normalized action (F.). Using the canonical commutation relations

[Aim(z, ), BT (y, B)] = 6767,6° (@ — y) [ [ 6(m — Brm) (7.7)

we get the commutation relations,

S 5 ([Au .0, 0. )] o)
(1)* Na

_ Wanve s
= Vo <1>3\5ij6 (x —y) (7.8)

[bij(z), e (y)] = —
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If we then notice that

1

Wy = 26269 (7.9)

we see that these commutation relations become canonical (i.e. with the right-hand side
being unity) if we take

(7.10)

which can also be expressed as
Np = 297974, (7.11)

In a free theory on topologically trivial Minkowski space essentially all observables
can be constructed from the propagator. It does not follow from dimensional analysis
that (b (p)bur(—p)) ~ p~2 in momentum space, because the momentum is not the only
dimensionful parameter of the problem — we also have the dimensionful cut-off length A.
It is even less obvious that we would get precisely

(b (D) (—p)) = ]%55;. (7.12)

with the above choice of normalization factor Nj.
We compute the left-hand side:

= iy (A (00 Aun 3 B0 o) (713

From the Abelian action ([.3) we get the gauge loop field propagator in Feynman gauge as

sSutn [ _dp [ dox ] eZilomv)imlomh)
A, @) Ay (3, _ .14
Ay ) e ) = e [ b | E | e (7.14
We now use that
<efi7r.a> — <1>a6_% Zp 7Tp.7'('—pp72
. 1 2 -
<e—z7r.oza“m>a — 5 <1>a,L-A27THmm—26*AT Zpﬂ'p-ﬂ'—pp 2 (715)
and
1 2
/ PQprygae ¢ =8Vm AP+ O(AT) (7.16)
to get the left-hand side as
1 d%p
= — %7 Nkt =l A
Ny / (270 10
where
S 40 11 8Vsm®A% ) 1 (7.18)

m#0
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Using zeta function regularization

Ha:HCLZ:a_l

m##0 m>0
[[m* =2~ (7.19)
m>0
we get
12(27)12A%
I=—""-—+—— 7.20
8Vsp? (7.20)
Using that V5 = 3, we get the left-hand side
10 924 6
_2 A / d’p e*ip(:v*y)i (7.21)
NA (27‘(’)6 p2
For this to become equal to the right-hand side, we should take
Np = 297974, (7.22)

This is the same value as we got earlier by other other means. We do not see any reason
apriori why these two computations should yield the same answer. Of course this was
necessary if we were to get a theory for an Abelian two-form. The fact that these two
computations yield the same answer, we take as evidence for that the theory for a local
Abelian two-form might be hidden in, or can be extracted from, our non-local Abelian loop
space theory.

8. Discussion

There is an A — D — E classification of the (2,0) theories. The A, theories are realized in
M-theory as the world-volume theories living on r parallel M5 branes. If we separate one of
the branes from the others, we get an Abelian tensor multiplet that interacts with massive
loop fields. The separation amounts to giving the scalar field a vacuum expectation value
v. We then expand the loop field ¢, around this vacuum expectation value as

Gum = V" Z N0 Ay + ¢Lm (8.1)

n

For the gauge field we then get a mass term

tr ([Apm, dun][A™, ")) = M“b’m"AZmAg’b (8.2)
with mass matrix
Mab,mn _ CacecbdevcvdLm+n(C) (83)
where
ds . .
Ln(€) = Y nlm =l = [ 55 moCs) (8.4)

n
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is the Fourier transformed length of the loop. In this sense v gives the tension of W-boson
string via the Higgs mechanism.

It would now be interesting to compute the effective action for the Abelian tensor
multiplet, obtained by integrating out the massive W-boson strings. We expect that this
will produce the Hopf-Wess-Zumino term in [[IJ] that is needed for anomaly cancelation.

Another thing that could be interesting to check is whether the generalized Nahm
equation for the self-dual string, that was proposed in [14], can be related to the Nahm
equation [[J] via the Hopf map, in a similar fashion as we have related the Bogomolnyi

equations to each other in this paper.

A. Properties of the cut-off regularization

To be slightly more general we consider a spacetime with one compact dimension %, around
which loops may wind w times,
C3(s) = Rws + Z adelns
n#0
CM(s) =zt + Z oM eins (A.1)
n#0

We then have
()= @i /[dﬁa]e—%a Zp ol () (A.2)

We define the generating functional

Z[J] _ Z e—i—gR2w2+wRJg /[dG(X]e_/\% Zp ap.a,pp2+zp ipap.J_p (A3)

In the limit R < A we may treat w as a continuos variable and the generated function be

approximated by
2
Z[J] = Z[O]eAT ez Tp iy (A.4)

In the limit R > A only w = 0 contributes, the higher winding loops being exponentially
suppressed. In that limit the generating functional is approximated by

Z[J] = Z[O]e%Z#OJg‘]Zp"W_ (A.5)

Differentiating Z[J| twice with respect to J and then putting J = 0, we find the

propagators
v A2 vV
(ol an) = om2 Sm+nn™ (1)
A2
0 _ [ A=), R<A oG
(w’) {o, R>A (A.6)
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As an application of this we have, for R > e,

2
<C’“(5)C’”(7§)> - % (278(s — t) — 1) (1). (A.7)

an

We get any correlator <w o, .a%:> by summing all Wick contractions.'®

B. Proof of the projection identity

We find that
_ R+7
aa =
R 2 A
66 = 5 (B.1)

but of course there is no unique way to express o and § in terms of X!. We have a one-
parameter family of possible choices. If (a,3) is a solution, then the other solutions are
obtained by letting (o, 8) — (e%*a, e**3). No restriction is made if we assume that o = &
is real because we may always choose the parameter s so that this is the case. Then we
find that

1
oa=—=VR+Z
V2
X —iY
p— B.2
p=X— (B2)
We compute the area elements
ol = Z oMol im (B.3)

and find

0 = ~20a = —(R+ 2)
ol? = o = —ia(p —ﬁ) =—
ot =—0% = —a(f+ ) = -
o = 286 =—(R-2) (B.4)

and it is also easy to express these area elements in terms of X!. We will also need the
wedge products do’.do? := do™ A dod,
dot.da® =0
dat.do® = do?.da* = da N d(B + f)
dot.da* = —da?.da® = —da Nid(3 — )
do?.do* = 2idB N dB (B.5)

ONotice that the result presented in H is inconsistent. On the one hand we expect to have

/ ds / dtC* (s = (A.8)

for closed loops. Taking the average of zero, we should still get zero,

/ds/dt c“ >—0 (A.9)

but if we plug in the result of [ﬂ], we do not get zero.
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From

— o® - 65 (B.6)

we get

AXANAY Z+dY NdZX +dZ NdXY = 2i(a®+B0) (e*dBAdB+afdandB—aBdaNdbeta)

(B.7)
We then compute
eijuda’.do’ ot = 8i (—a?dB A dB — afda A dB + afda A dp) (B.8)
Comparing these two expressions, we conclude that
erydXT AN dXTXE = —gel-jkldai.dajakl (B.9)
This is the projection identity.
C. A peculiar identity
We now wish to establish that
Aralm ekl x ; = 9rallmg ol 2R (C.1)

This appears to be about as weak as we can make this identity. It is for instance not true
that 8,]§LXJ = aJOéQLQR.

Again we make the choice @« = & We notice that, with our conventions,

ala® =X

oot =Y

ool =R+ 2

o =R—-Z (C.2)

We now consider the case that X; = X, X; = Z and ¢ = 1, k£ = 3 and compute the
right-hand side in the above identity,

2R (8Xa1m82a‘:’n — aonsmaZoz}n) = 2R (axaazﬁ — Ox(B0za + C.C)
= 2R <8XX +_ZY 073 — 3Za8XX i + c.c>
20 2«
= 9z (B8 —o?)
5 _
+a——({“)zg — @0204
1] o

—%8)(5825 + 2€TR8X046Z04 + c.c. (C.3)
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We then notice that
9z8  Oza  0zf

= = = C4
3 ” 3 (C.4)
and find that most terms cancel, leaving us with the right-hand side
=0z (B8 —a®) =0z(—2Z) = —1. (C.5)
We then compute the corresponding left-hand side,
Ox ™3 Z — 0xa*™OL 7 = —(0xal™)ad, — (Oxa®™)al,
= —9x(a'™ad)
= —0xX =—1 (C.6)
and thus we find agreement in this particular case.
Let us check another case. One for which the right-hand side is
Ixa'™oyad — dxa®Mdyal, = Oxadyf — dxPdya + c.c
=0Z=0 (C.7)
Then the corresponding left-hand side is
(9Xa1mag’lY—(9Xa3m8}n = dyal™a? —im@xozgmoz?’
—8X(zm( ol _ o3m a3))
=0 (C.8)

Again we find agreement.
As one last check we check that the left-hand side is anti-symmetric under the exchange
of X and Z (as the right-hand side is manifestly),

070 ™mO3 X — 07070 X myal — (870°™)a3,

= (0z
= 0y l( Lol -« oz?’)
Z9
= 0z7 = (C.9)
We leave the other cases to check as exercises for the reader.
D. The inverse projection identity
Here we check that
GZJMZTLOC 3 XK = @leaanJE]JK (D.l)
holds when symmetrized in (m,n). We notice that
o2, = imal
afn = ima?n
82771 = Z777‘81771
a4m = Z"’na?;m (D2)
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and that

which yields

We then compute

=al.a?
203
1 1 1 3 3
Z=-(a.a —a’.a?)
2
3 3 1 . 1
OimX = (ap,,ima,,, o, ima,))
; 3 3 1 1
OimY = (—imai,, o, ima,,, —a,)
1.1 3
imZ = (a,, ima,,, —a,,, —ima,)

OmX 02, Y — 1Y 00, X = (1 — mn)«
€1o34in(atd3 Z — 301 Z) = (1 — mn)ad o

OrmY OonZ — O 200, Y = mnas ol —adal
ero3ain(at 03 X — 39t X) = (mn — 1)a3al
O Z0on X — 01y X 0onZ = in(al a3 —alad)

(D.3)

(D.4)

(D.7)

We see that when symmetrized in (m,n) these expressions become identical. The remaining

cases can be worked out in a similar way:.
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